Abstract. The main purpose of this note is to give a mathematical definition of the "mirror symmetry" and discuss its applications. More specifically we explain how to assign a G2 manifold (M, ϕ, Λ), with the calibration 3-form ϕ and an oriented 2-plane field Λ, a pair of parametrized tangent bundle valued 2 and 3-forms of M . These forms can then be used to define different complex and symplectic structures on certain 6-dimensional subbundles of T (M ). When these bundles integrated they give mirror CY manifolds. For example, in the special case of M =Calabi-Yau×S 1 , one of the 6-dimensional subbundles corresponds to the tangent bundle of the CY manifold. This explains the mirror duality between the symplectic and complex structures on the CY 3-folds inside of a G2 manifold. One can extend these arguments to noncompact G2 manifolds of the form CY×R.
Introduction
Let (M 7 , ϕ) be a G 2 manifold with the calibration 3-form ϕ. If ϕ restricts to be the volume form of a 3-dimensional submanifold Y 3 , then Y is called an associative submanifold of M . Associative submanifolds are very interesting objects as they act very similar to the holomorphic curves of Calabi-Yau manifolds.
Two years ago in [AS] , we began a program in order to understand the deformations of associative submanifolds. Our main goal was to construct Gromov-Witten like invariants for a G 2 manifold M from its associative submanifolds. One of our main observations was that oriented 2-plane fields on M always exist by a theorem of Thomas [T] and by using them one can split the tangent bundle T (M ) = E ⊕ V as a direct sum of an associative 3-plane bundle E and a complex 4-plane bundle V. This allows us to define 'complex associative submanifolds' of M , whose deformation equations may be reduced to the Seiberg-Witten equations, and hence we can assign local invariants to them, and assign various invariants to (M, ϕ, Λ), where Λ is an oriented 2-plane field on M . It turns out that these Seiberg-Witten equations on the submanifolds are restrictions of global equations on M .
Recently, we realized that the rich geometric structures of G 2 manifolds with 2-plane fields (M, ϕ, Λ) provide complex and symplectic structures to certain 6-dimensional subbundles of T (M ) . In this brief note we explain how these structures are related to the mirror phenomenon which is a natural consequence. More details of our claims will appear in the upcoming paper.
Associative and Complex distributions of a G 2 manifold
Let us go through quickly over the basic definitions about G 2 manifolds. The main references are the two foundational papers [HL] and [B1] , as well as [S] , [B2] , [BS] , and [J] . We also need some properties introduced in [AS] . Let O = H ⊕ lH = R 8 be the octonions which is an 8 dimensional division algebra generated by < 1, i, j, k, l, li, lj, lk >, and let imO = R 7 be the imaginary octonions with the cross product operation × : R 7 × R 7 → R 7 , defined by u × v = im(u.v). Then the exceptional Lie group G 2 is the linear automorphisms of imO preserving this cross product operation, it can also be defined in terms of the orthogonal 3-frames in R 7 :
Another very useful definition popularized in [B1] is the subgroup of GL(7, R) which fixes a particular 3-form 
A G 2 structure ϕ on M 7 gives an orientation µ ∈ Ω 7 (M ) on M , and µ determines a metric g = g ϕ = , on M , and a cross product structure × on the tangent bundle of M as follows: Let i v denote the interior product with a vector v, then 
is the tangent bundle valued 3-form defined by the identity:
The equivalence of these conditions follows from the 'associator equality' of [HL] 
Similar to the definition of χ one can define a tangent bundle 2-form, which is just the cross product of M (nevertheless viewing it as a 2-form has its advantages).
the tangent bundle valued 2-form defined by the identity:
Now we have two useful properties from [AS] , the first property basically follows from definitions, the second property applies happily when the first property fails to give anything useful.
Lemma 1. ([AS]) To any
3-dimensional submanifold Y 3 ⊂ (M, ϕ),
χ associates a normal vector field, which vanishes when Y is associative.

Lemma 2. ([AS])
To any associative manifold Y 3 ⊂ (M, ϕ) with a non-vanishing oriented 2-plane field, χ defines an almost complex structure on its normal bundle (notice in particular any coassociative submanifold X ⊂ M has an almost complex structure if its normal bundle has a non-vanishing section).
Then to every pair of orthonormal vectors {u, v} ⊂ L, the form χ defines a complex structure on the orthogonal 4-plane L ⊥ , as follows:
This is well defined i.e. j(X) ∈ L ⊥ , because when w ∈ L we have:
We can check the last equality by taking an orthonormal basis {X j } ⊂ L ⊥ and calculating
The last equality holds since the map j is orthogonal, and the orthogonality can be seen by polarizing the associator equality, and by noticing ϕ 0 (u, v, X i ) = 0. Observe that the map j only depends on the oriented 2-plane l =< u, v > generated by {u, v} (i.e. it only depends on the complex structure on l).
On a chart of a G 2 manifold (M, ϕ), the form ϕ coincides with the form ϕ 0 ∈ Ω 3 (R 7 ) up to quadratic terms, we can express the corresponding tangent valued forms χ and ψ in terms of ϕ 0 in local coordinates. More generally, let e 1 , ...e 7 be the orthonormal frame and e 1 , ..., e 7 be the dual frame, then from definitions we get: The forms χ and ψ induce complex and symplectic structures on certain subbundles of T (M ) as follows: Let ξ be a nonvanishing vector field of M . We can define a symplectic ω ξ and a complex J ξ structures on the 6-plane bundle
Now we can define (2)
Re Ω ξ = ϕ| V ξ and Im Ω ξ = χ, ξ .
The reason for defining (2) is to pin down a Calabi-Yau like structure on any G 2 manifold. In case (M, ϕ) = CY × S 1 these quantities are related to the ones in Remark 1. Also note that when ξ ∈ E then J ξ is an extension of J of Lemma 2 from the 4-dimensional bundle V to the 6-dimensional bundle V ξ . By choosing different directions, i.e. different ξ, one can find the corresponding complex and symplectic structures. In particular we will get two different complex structures if we choose ξ in the associative subbundle E (where ϕ restricts to be 1), or if we choose ξ in the complementary subbundle V, which we will call the coassociative subbundle. Note that ϕ restricts to zero on the coassociative subbundle.
In local coordinates, it is a straightforward calculation that if we choose ξ = e i for any i, then by equations (1) and (2), we can get the corresponding structures ω ξ , J ξ , Re Ω ξ , and Im Ω ξ . For example, let us assume that {e 1 , e 2 , e 3 } be the local orthonormal basis for the associative bundle E, and {e 4 , e 5 , e 6 , e 7 } be the local orthonormal basis for the coassociative bundle V. Then if we choose ξ = e 3 = e 1 ×e 2 then we get ω ξ = e 12 − e 47 − e 56 and Im Ω ξ = e 157 − e 146 + e 245 + e 267 which determines the complex structure. On the other hand, if we choose ξ = e 7 then ω ξ = e 16 − e 25 − e 34 and Im Ω ξ = −e 124 + e 135 + e 236 + e 456 which will give a different symplectic and complex structures.
To understand this better, take as an example, a Calabi-Yau 6-torus T 6 = T 3 ×T 3 , where {e 1 , e 2 , e 3 } is the basis for one T 3 and {e 4 , e 5 , e 6 } the basis for the other. We can take the product M = T 6 × S 1 as the corresponding G 2 manifold with the calibration 3-form ϕ = e 123 + e 145 + e 167 + e 246 − e 257 − e 347 − e 356 , and with the decomposition T (M ) = E ⊕ V, where E = {e 1 , e 2 , e 3 } and V = {e 4 , e 5 , e 6 , e 7 }. Now, if we choose ξ = e 7 , then V ξ =< e 1 , ..., e 6 > then the symplectic form is ω ξ = e 16 − e 25 − e 34 , and the complex structure is
e 1 → e 6 e 2 → e 5 e 3 → e 4   and the complex valued (3, 0) form is Ω ξ = (e 1 + ie 6 ) ∧ (e 2 − ie 5 ) ∧ (e 3 − ie 4 ), note that this is just Ω ξ = (e 1 + iJ ξ (e 1 )) ∧ (e 2 + iJ ξ (e 2 )) ∧ (e 3 + iJ ξ (e 3 )).
On the other hand, if we choose ξ ′ = e 3 then V ξ ′ =< e 1 , ..,ê 3 , .., e 7 > and the symplectic form is ω ξ ′ = e 12 − e 47 − e 56 and complex structure is
Also Ω ξ ′ = (e 1 +ie 2 )∧(e 4 −ie 7 )∧(e 5 −ie 6 ), as above this can be expressed more tidily as Ω ξ ′ = (e 1 + iJ ξ ′ (e 1 )) ∧ (e 4 + iJ ξ ′ (e 4 )) ∧ (e 5 + iJ ξ ′ (e 5 )). In the expressions of J's the basis of associative bundle E is indicated by the bold face letters to indicate the differing complex structures on T 6 . To sum up: If we choose ξ from the coassociative bundle V we get the complex structure which decomposes the 6-torus as T 3 × T 3 .
On the other hand if we choose ξ from the associative bundle E then the induced complex structure on the 6-torus corresponds to the decomposition as T 2 × T 4 . This is the phenomena known as "mirror duality". Here these two structures are different but they come from the same ϕ hence they are dual. These examples suggests the following long sought-after definition of the "mirror duality". 
General setting
We start with a G 2 manifold with a non-vanishing oriented 2-plane field (M 7 , ϕ, Λ). As suggested in [AS] we can view (M 7 , ϕ) as an analog of a symplectic manifold, and the 2-plane field Λ as an analog of a complex structure taming ϕ. This is because Λ gives the associative/complex bundle splitting T (M ) = E ⊕ V. Now, the next object is a choice of a non-vanishing vector field ξ ∈ Ω 0 (M, T M ), which gives a codimension one distribution V ξ := ξ ⊥ on M , which is equipped with the structures of (1) and (2) (V ξ , ω ξ , J ξ ) (they are symplectic and complex structures when ξ is in V or in E). Note that if θ ξ is the dual 1-form of ξ, then the condition dθ ξ ∧ θ ξ = 0 implies that the distribution V ξ is integrable (i.e. involutive); even when V ξ is not integrable [Th] gives us a singular foliation of M . Let X ξ be a page of this foliation; for simplicity assume that this 6-dimensional manifold is smooth. X ξ and X ξ ′ are mirror duals of each other when ξ ∈ V and ξ ′ ∈ E. In particular, from the same argument in Remark 2, H (2,1) (X ξ ) = H (1,1) (X ξ ′ ).
In order the mirror constructing process to work, we need a non-vanishing vector field ξ in T (M ) = E ⊕ V, moving from V to E. The bundle E has always a non-vanishing vector field, in fact it has a non-vanishing orthonormal 3-frame field prescribed by Λ [AS] ; but V may not have a non-vanishing vector field. Nevertheless V does have a non-vanishing section in the complement of a 3-manifold Y ⊂ M , which is a transverse self intersection of the zero section of the bundle V → M (in [AS] Seiberg-Witten equations of such 3-manifolds were related to associative deformations). So we can use these partial sections ξ and ξ ′ , as a consequence X ξ and X ξ ′ may not be closed manifolds. The following is a useful example:
Remark 3. Let X 1 , X 2 be two Calabi-Yau manifolds, where X 1 is the cotangent bundle of S 3 and X 2 is the O(−1) ⊕ O(−1) bundle of S 2 . They are conjectured to be the mirror dual of each other by the physicists (c.f. [Ma] ). By using the approach of this paper, they should be seen as 6-dimensional submanifolds of same G 2 manifold. Let's choose M = ∧ 2 + (S 4 ); this is a G 2 manifold by Bryant-Salamon [BS] . Note that ξ is non-vanishing in the complement of π −1 {n, s}, whereas ξ ′ is nonvanishing in the complement of the zero section of π. Clearly on the set where they are both defined, ξ and ξ ′ are homotopic through nonvanishing vector fields ξ t . This would define a cobordism between the complements of the zero sections of the bundles T * (S 3 ) and O(−1) ⊕ O(−1), if the distributions ξ ⊥ t were involutive. Here the change of complex structures X ξ ′ ; X ξ happens as follows. Let S 3 λ → S 2 be the Hopf map with fibers consisting of circles of radius λ, clearly
where the complex structure on S 3 ∞ ×S 3 ∞ is the obvious one, induced from exchanging the factors. In general if we allow the vector fields ξ and ξ ′ be homotopic through vector fields ξ t possibly with zeros, or the family ξ ⊥ t not remain involutive the cobordism between X ξ and X ξ ′ will have singularities.
One can apply this technique to find mirror duals of various other Calabi-Yau manifolds by putting them inside of convenient G 2 manifolds. For example, we expect that for the quintic in CP 4 , the likely G 2 candidate is among the manifolds constructed by Joyce [J] (since both are constructed by orbifold resolution process). 
